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Abstract
This paper is concerned with optimal motion planning for vibration reducing of free-floating flexible redundant manipulators. 
Firstly, dynamic model of the system is established based on Lagrange method, and the motion planning model for vibration 
reducing is proposed. Secondly, a hybrid optimization approach employing Gauss pseudospectral method (GPM) and direct 
shooting method (DSM), is proposed to solve the motion planning problem. In this approach, the motion planning problem is 
transformed into a non-linear parameter optimization problem using GPM, and genetic algorithm (GA) is employed to locate the 
approximate solution. Subsequently, an optimization model is formulated based on DSM, and sequential quadratic programming 
(SQP) algorithm is used to obtain the accurate solution, with the approximate solution as an initial reference solution. Finally, 
several numerical simulations are investigated, and the global vibration or residual vibration of flexible link is obviously reduced
by the joint trajectory which is obtained by the hybrid optimization approach. The numerical simulation results indicate that the
approach is effective and stable to the motion planning problem of vibration reducing. 
Keywords: flexible manipulator; dynamic modeling; motion planning; Gauss pseudospectral method; direct shooting method; 
genetic algorithm; sequential quadratic programming 
1. Introduction1
Space robotic manipulators, which are required to 
have both a long reach and light weight, possess obvi-
ous structural flexibility. In common task such as a 
point-to-point maneuver, the manipulators are easy to 
vibrate against even small disturbance because of their 
small rigidity and internal damping. Hence, vibration 
reduction has been considered as an important problem 
for flexible manipulators. A lot of approaches have 
been proposed for vibration reducing. Most of them 
are based on control strategy [1]. However, it was no-
ticed that motion of joints can affect the vibration of 
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flexible manipulators. So the problem of motion plan-
ning of flexible manipulators has attracted many re-
searchers for the last three decades, including point-to- 
point maneuver and trajectory tracking. 
Generally, there are three approaches of motion 
planning for manipulators, i.e. pseudo-inverse of Jaco-
bian matrix, variational approach and optimization 
method. Whitney [2] introduced the pseudo-inverse 
approach. Several studies [3-4] pointed out the draw-
backs with respect to the pseudo-inverse approach. For 
instance, the algorithm must take into account the 
problem of kinematic singularities that may be hard to 
tackle. Pond, et al. [5] used variational approach to gen-
erate the trajectory with the objective function of 
minimizing the elastic deformations during the motion. 
However, high computation cost has limited the appli-
cation of variational method. Recently, employing op- 
timization method to analyze motion planning problem 
has attracted more attention. Park, et al. [6-9] presented 
a Fourier-based optimal approach to reduce residual Open access under CC BY-NC-ND license.
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vibration of the endpoint of a flexible manipulator. 
Yue, et al. [10] proposed a trajectory planning method to 
minimize vibration of a point-to-point motion based on 
genetic algorithms. Liu, et al. [11] generated point-to- 
point joint trajectories for a two-link flexible manipu-
lator using profiles with only one unknown parameter. 
Kojima, et al. [12-13] proposed an optimal trajectory 
planning method for a two-link flexible robot arm for 
the residual vibration reduction. Benosman, et al. [14]
developed a simple method to realize joint motion be-
tween two equilibrium points over a desired time pe-
riod to prevent vibrations in the tips. Akira [15] pro-
posed an optimal trajectory planning technique for 
suppressing residual vibrations in two-link rigid- 
flexible manipulators. Bian, et al. [16] used the branch 
links to suppress the vibration. Some other researchers 
attempted to make use of self-motion in vibration re-
ducing [17-19]. The self-motion planning is only suitable 
for redundant manipulators with a given end-effector 
trajectory. 
However, most of the above works investigate the 
manipulators with fixed base. It is not suitable for the 
space free-floating manipulators, while the disturbance 
to the position and attitude of carrier caused by the 
movement of manipulator cannot be ignored in some 
manipulating mission, such as transfer of a whole 
spacecraft. In addition, the current studies often used 
simplex algorithm, such as genetic algorithm (GA), by 
which the optimum solution is hard to obtain. 
In this paper, we propose a new approach for opti-
mizing the joint trajectory of free-floating manipula-
tors to reduce the vibrations of flexible links. We also 
develop some techniques to obtain the accurate opti-
mum solution and to shorten the computation time. 
The approach adopted for solving the motion planning 
problem is as follows. The planning problem is trans-
formed into a parameter optimization problem using 
Gauss pseudospectral method (GPM) [20], and the dy-
namics constraint is transformed into algebraic equa-
tions. GA is first used to locate an approximate solu-
tion. This approximate solution is then used as an ini-
tial reference solution for direct shooting method 
(DSM) [21]. The planning problem is also transformed 
into a parameter optimization problem using DSM, 
and sequential quadratic programming (SQP) algo-
rithm [22] is applied to locate an accurate solution. 
2. Dynamics Model 
The approximate model of system is illustrated in 
Fig. 1. The manipulator system consists of a rigid 
space station and a manipulator which is composed of 
flexible or rigid links connected in the form of an 
open- loop chain. The rigid space station is named B1.
Links of the manipulator are numbered in sequential 
order from B2 to B4. B2 and B3 are flexible links, and 
B4 is a rigid link which includes the end-effector and 
load.  
As shown in Fig. 1, the inertial reference coordinate  
Fig. 1  Free-floating flexible redundant manipulators. 
frame is 60 whose origin is located at centroid of the  
whole system C0. The inertial frame and B1 are con-
nected by a virtual joint C1 located at centroid of B1.
The centroid of B4 is C5. The joint between Bi1 and Bi
is named Ci. 6 i is the local frame of Bi, and its origin is 
located at Ci. li is the distance between Ci1 and Ci. mi
is the mass of Bi, Ei the elastic modulus of Bi, and Ii the 
moment of inertia of Bi.
The following assumptions are made to derive a 
dynamical model: 
(1) External forces and torques are omitted, and thus 
momentum conservation and angular momentum con-
servation strictly hold. 
(2) The motion of each joint is restricted to rotate in 
one degree of freedom, and its compliance and damp-
ing are ignored. 
(3) The flexible motion of a link is described by a 
finite number of vibration modes which are con-
structed through component mode synthesis under the 
assumption of small deformations. 
The elastic deformation of a link is described by the 
fundamental modal function of a cantilever beam [23].
( , ) ( ) ( ) ( [0, ], [0, ], 2,3)i i i iv x t x q t x l t T iM    
(1)
where Mi is the translational displacement function of 
fundamental modal of Bi, qi the modal coordinate of Bi,
T the operation time. 
Dynamic equations of the free-floating flexible re-
dundant manipulators are deduced based on Lagrange 
method [24].
( )    Mq Kq h q,q Q  (2) 
where M is the inertia matrix, K the stiffness matrix, h
the centrifugal force and Coriolis force, and Q the 
generalized force corresponding to q. q = [T2 T3 T4
T1 q2 q3]T, where T1 is the attitude of spacecraft, and 
și (i=2,3,4) the joint angle.  
The generalized force Q is usually unspecified prior 
for motion planning. The objective function and con-
straints always relate to q, and it needs to be solved 
with a given joint motion. So we choose qr=[T2 T3
T4]T as a column vector of joint angles, and qe=[T1 q2
q3]T which contains the spacecraft attitude and elastic 
coordinates. Eq. (2) is separated according to the di- 
mensions of qr and qe, written as 
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where Qc is the joint input torque vector. It is seen that 
qe can be solved by Eq. (4) when qr is defined prior. 
Eq. (3) is not a constraint in the motion planning 
problem, but could be used to determine nominal con-
trol torque once the joint motion is known. Different 
from the fixed-base manipulators, the elastic coordi-
nates are correlative with the attitude of space station. 
3. Motion Planning for Vibration Reducing 
For a redundant manipulator, there are various joint 
trajectories which are subject to all the constraints of a 
mission. The elastic coordinates are also different with 
different joint trajectories because Eq. (4) contains 
both qr and rq . It is possible to reduce the elastic de-
formation by choosing the joint trajectory which is 
subject to all the constraints. 
The motion planning problem is essentially an op-
timal control problem. The control variable is marked 
as u. For path planning purpose, we choose r  u q
T
2 3 4[ ]T T T   . Te 1 2 3[ ]q qT    x q  is the state 
variable of system. According to Eq. (4), the dynamic 
equation can be written as 
1
ee er e e( , ) ( )
     x f x u M M u Kq h  (5) 
The elastic deformation is decided by modal coor-
dinates (q2 and q3). The elastic deformation of Bi’s tip 
wi=vi(li, t)=2.724 16qi(t), (i=2, 3). Considering both the 
minimization of elastic deformation and energy con-
sumed, we define the objective function as  
T
e 0
min [ ] ( ) d
T
J V t  ³u q u Ru  (6) 
where V(qe) is a function which depends on the spe-
cific object of motion planning, R is a constant and 
positive definite weighting matrix. In the present case, 
the final time T is constant. For a point-to-point ma-
nipulating mission, the final position of manipulator’s 
tip with respect to 61 is given as pf. The final state 
constraint is  
ft T  p | p  (7) 
The manipulator’s tip usually moves around its 
nominal position because of residual vibrations of 
links. However, the manipulator’s tip will be located at 
its nominal position after the vibrations of links disap-
pear. So p is given by 
2 3 4
2 3 4
cos cos cos
sin sin sin
l l l
l l l
D E J
D E J
 ª º « » ¬ ¼
p  (8) 
where D =T2, E =T2+T3, J =T2+T3+T4. Some other con-
straints are considered to approach the practical sys-
tem, such as the bound of joint angle and its accelera-
tion, given by Eq. (9). When the manipulator’s tip ar-
rives at pf, the movement of joints should be stopped, 
given by Eq. (10). 
( )
( 2,3,4)
5 ( ) 5
i
i
t
i
t
T
T
S d d S­°  ® d d°¯   (9) 
T[0 0 0]t T  u |  (10) 
Thus, the motion planning can be characterized by 
the following time continuous optimization problem: 
find the optimal input u which minimizes J [u], subject 
to Eq. (5), Eq. (7), Eq. (9) and Eq. (10). 
4. Optimizing Approach 
The optimization variable of motion planning prob-
lem consists of several continuous variables which 
need to be parameterized using some parameters. As a 
result, there are many parameters to optimize. It needs 
to use some global algorithms, such as GA, to obtain 
the global optimum solution. The global algorithm is 
usually population-based algorithm, and it needs to 
solve the nonlinear differential equations for many 
times. This will cost a lot of time. To shorten the cal-
culation time of the optimization progress, GPM is 
introduced. However, the solution of GPM is ap-
proximate. DSM is used to improve it to obtain an 
accurate solution.
4.1. GPM 
GPM uses polynomial to approach both the state 
variable and control variable. According to GPM, the 
time variable is transformed into 
(2 ) / [ 1, 1]t T TW W     (11) 
We choose m Legendre-Gauss points Wi (i=1, 2, …,
m). Wi[1,1] as the root of Legendre polynomial 
Pm(W )=0. 
21 d( ) [( 1) ]
2 ! d
m
m
m m mP m
W WW   (12) 
The state variable is approximated by Lagrange 
polynomial Li(Ĳ) (i=0, 1, …, m), written as 
0
0,
( ) ( ) ( ) ( )
( )
m
i i
i
m
j
i
j j i i j
L
L
W W W W
W WW W W
 
 z
­ |  °°® °  ° ¯
¦

x X X
     (13) 
where W0 = 1. Derivative of state variable is 
0
( ) ( ) ( ) ( )
m
j j ji j i
i
DW W W W
 
|  ¦x X X  (14) 
where
· 536 · LIAO Yihuan et al. / Chinese Journal of Aeronautics 24(2011) 533-540 No.4 
(1 ) ( ) ( )
( )[(1 ) ( ) ( )]
( )
(1 ) ( ) 2 ( )
2[(1 ) ( ) ( )]
j m j m j
j i i m i m i
ji j
i m i m i
i m i m i
P P
i j
P P
D
P P
i j
P P
W W W
W W W W WW W W W
W W W
­   z°   ° ®  °  °  ¯


 

(15)
The control variable is approximated by 
1
1,
( ) ( ) ( ) ( )
( )
m
i i
i
m
j
i
j j i i j
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     (16) 
Substituting Eqs. (13)-(14) and Eq. (16) into Eq. (5) 
yields 
0
( ) ( ( ), ( )) ( 1, 2, , )
2
m
ji i j j
i
TD j mW W W
 
   ¦ 0X f X U "
(17)
The objective function and final state are approxi-
mated by Gauss integral. 
T T
e e0
1
[ ] ( ) d ( )
2
mT
j j j
j
TJ V t V O
 
    ¦³u q u Ru q U RU
        (18) 
f 0
1
( ) ( ) ( ( ), ( ))
2
m
j j j
j
TW W O W W
 
  ¦X X f X U     (19) 
where Oj is the Gauss weight coefficient, and Wf =1.
In summary, the general motion planning problem is 
to find (X0, X1, …, Xm) and (U1, U2, …, Um) which 
minimize Eq. (18), subject to Eq. (17), Eq. (7), Eq. (9) 
and Eq. (10). By the way, Xi (i=0, 1, …, m) is the ab-
breviation of X (Wi), and Ui (i=1, 2, …, m) is the abbre-
viation of U(Wi).
As a result, the planning problem which is an opti-
mal control problem is transformed into a parameter 
optimization problem by searching over a finite coeffi-
cient space. Further more, the dynamic constraint is 
transformed into algebraic equation which is much 
easier to solve. On the other side, the solution of GPM 
is subject to the dynamics constraint at Wi (i=1, 2 …, m)
according to Eq. (17), but not at any W[1, 1]. So we 
call the solution of GPM as approximate solution. 
4.2. DSM 
According to DSM, ti (i=1,2,…,n) which uniformly 
spaces throughout [0, T] is chosen as knot point. The 
values of joint speed on the knot points, (U1,U2,…,Un)
UiR3×1, are regarded as the optimization variable. 
The control variable is approximated by cubic spline 
interpolation using (U1,U2,…,Un). Then the state vari-
able of system is solved by Eq. (5) to calculate the 
objective function and constraints. In this paper, we 
choose Newmark-E method as the numerical method 
to solve the dynamic equation. 
In summary, the general motion planning problem is 
to find (U1,U2,…,Un) which minimizes Eq. (6), subject 
to the following constraints: Eq. (5), Eq. (7), Eq. (9), 
and Eq. (10). Opposed to GPM, the solution of DSM is 
subject to all the constraints accurately. 
4.3. Numerical solution algorithm 
GA is a population-based, stochastic and global 
search method. However, the optimum solution, espe-
cially for an optimization problem with lots of optimi-
zation parameters, is hard to obtain because of GA’s 
random searching ability, coding mode and premature 
convergence. On the other hand, SQP is good at con-
vergence. But SQP is sensitive to the initial value. 
Hence, the solution acquired by GA is regarded as 
initial guess of SQP. It is hoped that the optimum solu-
tion can be obtained by making use of the merit of GA 
and SQP respectively. 
We choose GA and SQP respectively as the numeri-
cal optimization algorithm of GPM-based problem and 
DSM-based problem. The optimization approach of 
motion planning is shown in Fig. 2. 
Fig. 2  Optimization strategy. 
First, the approximate solution is located using GA 
by choosing m Legendre-Gauss points.  
Second, the accurate solution is obtained using SQP 
by choosing n knot points. The initial reference of joint 
speed at these n knot points is obtained by interpola-
tion using the approximate solution. 
5. Numerical Investigation 
In order to validate the proposed motion planning 
method for vibration reducing of free-floating flexible 
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manipulator system, several numerical examples are 
studied. The system parameters are shown in Table 1. 
Mer and Mee in Eq. (4) for manipulator with system 
parameters in Table 1 are shown in Appendix A. 
Table 1  System parameters 
Bi li/m mi/kg Ei/GPa Ii/(kg·m2)
B1 5 200  400 
B2 5 10 7.6  
B3 5 10 7.6  
B4 5 10  20 
The sections of B2 and B3 are square with side 
length of 0.05 m. The initial value of joint angle is 
qr|t=0=[ʌ/4   ʌ/2  ʌ/4]T.
5.1. Minimization of global vibration 
The task for manipulator is to translate the load from 
initial position to [10  5]T. T=30 s, R=diag(0.1, 0.1, 
0.1), m=5, n=11. For the purpose of vibration reduc-
ing, the objective function in this example is deter-
mined by Eq. (6), and  
e 2max 3max( ) max( , )V q q q  (20) 
where qimax is the peak value of |qi(t)|. We make use of 
the Optimization Toolbox in MATLAB. The popula-
tion for GA is 1 000, and the generation is 50. The 
iteration for SQP is 400. The accurate solution ob-
tained by SQP is shown in Fig. 3, and the trajectory of 
manipulator’s tip is shown in Fig. 4. 
Fig. 3  Joint angular speeds for global vibration reducing in 
a point-to-point task. 
Fig. 4  Optimal trajectory of manipulator’s tip.
The final state of joints is qr|t=T = [1.477  1.167
0.615]T. To indicate that the planning method is ef-
fective for vibration reducing, user-defined motion of 
joints is chosen as shown in Eq. (21). 
2
r r r 0(30 )( | | ) / 4 500t T tt t     q q q  (21) 
It is seen that, the load can be moved to the goal po-
sition according to Eq. (21), and the joint speed is zero 
at t =T. The response of elastic coordinates for both 
user-defined motion and the optimal motion is shown 
in Fig. 5. We can see that the values of elastic defor-
mation are reduced by optimizing joint motion. 
Fig. 5  Comparisons between user-defined motion and 
optimal motion. 
The dynamic model is the foundation of motion 
planning method. Thus, its correctness should be 
firstly verified. A virtual prototype of manipulator with 
the same parameters is built in automatic dynamic 
analysis of mechanical system (ADAMS). B2 and B3
are also flexible links in ADAMS and their fundamen-
tal frequency is 1.000 9 Hz. The angular speed of each 
joint for simulation is given in Fig. 3. The simulation 
results are compared with the numerical results as 
shown in Fig. 6. There are some errors between the 
numerical results and the simulation results because of 
the different simplification of flexible body. However,  
Fig. 6  Numerical and simulation results. 
· 538 · LIAO Yihuan et al. / Chinese Journal of Aeronautics 24(2011) 533-540 No.4 
we can see that the numerical results have the same 
trend with the simulation results. The dynamic model 
is testified to be reasonable, and the motion planning 
for vibration reducing is testified to be effective. 
The entire calculation takes about 35 min for a 
3.0 GHz/Pentium 4 CPU. The calculation of GA takes 
about 20 min. If we use DSM and GA to obtain an 
initial guess for SQP, it takes more than 15 h. We can 
see that the initial guess can be quickly obtained based 
on GPM. 
To determine the number of knot points in DSM, we 
repeat the optimization progress with different num-
bers of knot points. The objective function for each 
case is shown in Fig. 7.  
Fig. 7  Objective function for different numbers of knot 
points.
From Fig. 7, we can see that the objective function 
is reduced by choosing more knot points. While the 
number is greater than 10, the improvement of objec-
tive function is very small. 
5.2. Minimization of residual vibration 
For a point-to-point task, we often expect that the 
manipulator’s tip can be located at goal position with 
no residual vibration. In order to reduce the residual 
vibration, V(qe) in this section is given by 
T T
e ef ef ef ef
ef e
1 1( )
2 2
( ) |t T
V
t  
­  °®°  ¯
  q q Mq q Kq
q q
 (22) 
where  M diag(0,18,18),  K diag (0, 733.9, 733.9), 
V(qe) represents the vibration energy of manipulator. 
The other parameters are the same as Section 5.1. The 
accurate solution obtained by SQP is shown in Fig. 8. 
The corresponding elastic deformation is given in 
Fig. 9. 
As can be seen from Fig. 9, w2 (or w3) and 
2 3 (or )w w   are both zero at t =T. We can see that the 
residual vibration can be completely eliminated by 
motion planning. Compared with Fig. 5, the peak value 
of wi (i=2, 3) is increased. 
Fig. 8  Joint angular speeds for residual vibration reducing 
in a point-to-point task. 
Fig. 9  Elastic deformation corresponding to joint angular 
speeds for residual vibration reducing in a point- 
to-point task. 
5.3. Planning for vibration restraining 
When the manipulating mission is completed, there 
may be some disturbances to inspirit the elastic vibra-
tion. Most researchers use control method to restrain 
the vibration. Now we can program the joint motion to 
restrain the vibration. 
The objective function in this section is also given 
by Eq. (6) and Eq. (22), and the manipulator’s tip is 
immovable according to 61. As a result, the final state 
constraint is changed to 
0( ) [0, ]tt t T  p p |  (23) 
The initial state is qr=[S/4  S/2  S/4]T, qe= [0  
0.1  0.1]T and eq = [0  0  0]T, T=2 s. 
The optimization trajectory of joint speed is given in 
Fig. 10. The corresponding elastic deformation is given 
in Fig. 11. As from Fig. 11, the elastic deformation w2
(or w3) is reduced from 0.272 m to 0 m, and 
2 3(or )w w   is zero at t =T.
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Fig. 10  Joint angular speeds in a vibration restraining task. 
Fig. 11  Elastic deformation corresponding to joint angular 
speeds in a vibration restraining task. 
6. Conclusions 
(1) A new approach based on GPM and DSM is 
proposed to optimize the joint trajectory. The numeri-
cal simulation results indicate that the motion planning 
approach is effective. The initial reference solution can 
be quickly obtained based on GPM, and the accurate 
solution can be obtained based on DSM. 
(2) The vibrations of flexible links are obviously 
reduced. Specifically, the residual vibrations of flexi-
ble links can be avoided while the motion of joints 
stops in point-to-point maneuver. 
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Appendix A  Dynamic Model of Manipulator 
Mer and Mee in Eq. (4) for manipulator with system 
parameters in Table 1 are as follows: 
13
er 2 3 4217.4cos( )M T T T  
12 13
er er 2 3 3 2 3326.1cos( ) 164.8 sin( )M M qT T T T    
11 12
er er 2 2 2543.5cos 283.3 sinM M qT T  
23
er 3 4122.0cos( )M T T 
22 23
er er 3 3 3183.1cos 103.3 sinM M qT T  
21 22
er er 275.7M M 
33
er 4128.0cosM T 
32 33
er er 162.6M M 
31 32
er er 3 2 3168.9cos 103.3 sinM M qT T  
11 11
ee er 1 052.2M M 
12
ee 2283.3cosM T 
13
ee 2 3164.8 cos( )M T T 
21 21
ee er 2283.3cosM M T 
22
ee 167.0M  
23
ee 3103.3cosM T 
31 31
ee er 2 3164.8cos( )M M T T  
32
ee 3103.3cosM T 
33
ee 92.8M  
